Very odd sequences were introduced in 1973 by Pelikán who conjectured that there were none of length ≥ 5. This conjecture was disproved first by MacWilliams and Odlyzko [17] in 1977 and then by two different sets of authors in 1992 [1], 1995 [9] . We give connections with duadic codes, cyclic difference sets, levels (Stufen) of cyclotomic fields, and derive some new asymptotic results on the length of very odd sequences and the number of such sequences of a given length.
Introduction
For a given natural number n fix integers a i with a i ∈ {0, 1} for 1 ≤ i ≤ n. Put A k = n−k i=1 a i a i+k for 0 ≤ k ≤ n − 1. We say that a 1 . . . a n is a very odd sequence if A k is odd for 1 ≤ k ≤ n. By S(n) we denote the number of very odd sequences of length n. Pelikán [25] conjectured that very odd sequences of length n ≥ 5 do not exist. However, the sequence 101011100011 (for which the corresponding A k 's are 7, 3, 3, 1, 3, 3, 3, 1, 1, 1, 1, 1) disproves this conjecture. Alles [1] showed that if S(n) > 0, then also S(7n − 3) > 0 and thus showed that there are infinitely many counterexamples to Pelikán's conjecture. In his note [1] Alles raised two questions: (1) Does S(n) > 0 imply n ≡ 0, 1(mod 4)? (2) Does S(n) > 0 imply S(n) = 2 k for some integer k? These two questions, which also appear as unsolved problem E38 in [7] , were positively answered in [9] .
All of the above was, however, already known much earlier [17] . For a and b coprime integers, let ord a (b) denote the smallest positive integer r such that a r ≡ 1(mod b). Let P = {7, 23, 31, 47, 71, 73, 79, . . .} denote the set of odd primes p for which ord 2 (p) is odd (throughout this paper the letter p will be used to denote primes). MacWilliams and Odlyzko proved that S(n) > 0 iff 2n − 1 is composed only from primes in P. (Alternatively we can formulate this as S(n) > 0 iff the order of 2 modulo 2n − 1 is odd.) Since 7 ∈ P, the result of Alles that S(n) > 0 implies S(7n − 3) > 0, immediately follows. Using the supplementary law of quadratic reciprocity it is easily seen, as already noticed in [17] , that p ∈ P implies p ≡ ±1(mod 8). Thus if S(n) > 0, then 2n − 1 ≡ ±1(mod 8) and from this it follows that the answer to question (1) is affirmative. In [17] question (2) was answered in the affirmative also; to be more precise it was shown that if S(n) > 0 then X 2n−1 + 1 decomposes over F 2 into an odd number of distinct irreducible factors, say 2h + 1 irreducible factors in total and that, moreover, S(n) = 2 h . R. van der Veen and E. Nijhuis [40] described and implemented an algorithm to determine all very odd sequences of a given length. Moreover, they showed that, for n > 1, a very odd sequence is never periodic.
Let N(x) denote the number of n ≤ x for which very odd sequences of length n exist. Let Li(x) denote the logarithmic integral. By [19, Theorem 2] it follows that P(x) = 7 24 Li(x) + O x(log log x)
where P(x) denotes the number of primes p ≤ x in P. Using Theorem 4 of [19] it then follows, that there exists a c 0 > 0 such that
Since lim x→∞ N(x)/x = 0, it follows in particular that Pelikán's conjecture holds true for almost all integers n. The estimates (1) and (2) sharpen the assertions P(x) ∼ 7 24
x log x , respectively N(x) = o(x) made in [17] . The analysis of very odd sequences and that of Ducci sequences [3] shows a certain analogy (in the latter case the factorization of (1+X) n +1 over F 2 [X] plays an important role and there is also a link with Artin's primitive root conjecture).
In Sections 2 and 3 the connection between very odd sequences and coding theory, respectively the Stufe (level) of cyclotomic fields is considered. These sections have a partly survey nature and can be read independently from the remaining sections. In Section 4 a formula for S(n) is derived (Proposition 2). In Section 5 the value distribution of S(n) is then considered, using some results related to Artin's primitive root conjecture (Theorem 2 and Theorem 3). It is shown that under the Generalized Riemann Hypothesis (GRH) the preimage of the value 2 e is infinite, provided we can find just one integer n of a certain type satisfying S(n) = 2 e (Theorem 4). This leads us then into a query of finding such integers and motivates the introduction of the notion of solution tableaux (Section 6.1). In the final section it is shown that certain values of S(n) are assumed much more infrequently than others.
Codes and Pelikán's conjecture
For coding theoretic terminology, we refer to [18] . for all odd primes p ≡ ±1(mod 8), and of length 2 m for all even integers m ≥ 2.
Proof. Write b k := a k+1 and b(X) := n−1 k=0 b k X k , with X an indeterminate and consider b(X) as an element of F 2 [X]. We say b(X) is the polynomial associated to a 1 . . . a n . It was already observed in [17] that a 1 . . . a n is a very odd sequence iff the polynomial identity X 2n−1 + 1 = (X + 1)b(X)b * (X), the * denoting reciprocation, holds true. Using this observation we see that the cyclic code of length 2n − 1 and generator b(X) is self-orthogonal of dimension n. By adding an overall parity-check we obtain a self-dual code of length 2n.
The two infinite families of lengths correspond to, respectively, quadratic residue codes attached to the prime p and Reed-Muller codes RM( m 2 , m + 1) (see [18] ).
2
We denote by C(n) the number of nonequivalent codes of length 2n obtained by the preceding lemma. The celebrated [24, 12, 8] Golay code arises on taking n = 12. More generally, we obtain duadic codes with multiplier −1 which have received much attention in the last twenty years [14, 27] . In the special case of n a multiple of 8, these codes are, furthermore, doubly even. There are generalizations over F 4 [28] , F q [33, 34] and over rings [11, 16] . The following connection with difference sets is proved differently in [34, Thm 6.2.
1.] and in a very general setting in [30] .
Lemma 2 If there is a 2 − (N, K, λ) cyclic difference set with K and λ both odd, then there is a very odd sequence of length (N + 1)/2.
Proof. We use the ring morphism (given by reduction mod 2) between the algebra
, where binary cyclic codes of length N live and the group algebra Z[C N ] which occurs in the following characterization [2, Lemma 3.2, p. 312] of difference sets of the cyclic group C N :
The difference set D is then the set of exponents of X occurring in the polynomial b(X) of the preceding proof. 2
The following construction generalizes Alles's [1] , who took m = 4. Let a (resp. b) denote a very odd sequence of length n (resp. m). Let a(X) (resp. b(X)) denote their associated polynomials in
. By a ⊗ b we shall mean the sequence corresponding to the polynomial a(X)b(X 2n−1 ). Explicitly this amounts to the sequence obtained by taking b, replacing each b i ∈ b by a block of n zeros (if b i = 0) or by the sequence a (if b i = 1), and finally inserting a sequence of n − 1 zeros between each of these blocks. The following result is given without a proof in [9] . Proof. We know that, by hypothesis,
2n−1 and using the hypothesis on a, that is
Conversely, writing c(X)=A(X)B(X), with A, B such that
• the order of the roots of A divide 2n − 1
• the order of the roots of B does not divide 2n − 1 we see that such a factoring is unique. We claim that A = a and B(X) = b(X 2n−1 ) is of that shape. Indeed, if β 2n−1 = 1 and b(β 2n−1 ) = 0 we have that 1 is a root of b(X), contradicting the definition of b. Alternatively note that the second part of the assertion follows from the explicit construction of a ⊗ b.
Corollary 1
We have S(2mn − n − m + 1) ≥ S(m)S(n).
Connection with the Stufe
Let K be a field. Then the Stufe (or level) of K, s(K), is defined as the smallest number s (if this exists) such that
s with all α i ∈ K. If the Stufe does not exist, it is not difficult to see that there exists an order ≤ on K that is compatible with the field operations (i.e. K is orderable). Pfister [26] proved that the Stufe of any field, if it exists, is a power of two. For m ≥ 1, let
Moser [21, 22] and, independently, Fein et al. [6] proved that s(K 2m−1 ) = 2 iff ord 2 (2m − 1) is even. We thus obtain the following lemma.
In the same vein Ji [10] proved in case m > 1 is odd that every algebraic integer in K m can be expressed as a sum of three integral squares iff ord 2 (m) is even. Note that if 4|m, then clearly s(K m ) = 1 and for m odd we have K 2m = K m , thus once we know s(K m ) for every odd m, we know the Stufe of every cyclotomic field. Lemma 4 then shows that knowing for which n we have S(n) > 0 is equivalent with knowing the Stufe for every cyclotomic field. Interestingly enough, knowing the Stufe of every imaginary quadratic number field is equivalent with knowing which integers can be represented as a sum of three integer squares (Gauss' famous three-squares theorem), see [32] . Let St 4 (x) count the number of m ≤ x such that s(K 2m−1 ) = 4. Then from Lemma 4 and (2) we infer that
4 An explicit formula for S(n)
In the introduction we already remarked that if S(n) > 0, then X 2n−1 + 1 decomposes over F 2 into an odd number of disctinct irreducible factors, say 2h + 1 factors in total and that, moreover, S(n) = 2 h . Using this it is not difficult to derive an explicit formula for S(n) (Proposition 2). To this end we first study the factorization of X n − 1 into irreducibles over F q , with q a power of a prime p. (Note that X n − 1 and X n + 1 represent the same polynomial in F 2 [X].) If n = mp e , with p ∤ n, then since X n − 1 = (X m − 1) p e over F q , we can reduce to the case where (n, q) = 1. Then we have the following result.
Lemma 5 Let q be the order of a finite field. If (n, q) = 1, then
distinct irreducible factors over F q .
Proof. The assumption (n, q) = 1 ensures that the irreducibles will be distinct. Let Φ d (X) denote the cyclotomic polynomial of degree d. We have 
On combining these results, the proof is then completed. 2
The above formula for i q (n) also arises in some other mathematical contexts, see e.g. [4, 29, 38, 39] . In particular we like to recall the following important result due to Ulmer [38] .
Theorem 1 Let p be a prime, n a positive integer, and d a divisor of p n + 1 that is coprime with 6. Let q be a power of p and let E be the elliptic curve over
Then the j-invariant of E is not in F q , the conjecture of Birch and Swinnerton-Dyer holds for E, and the rank of E(F q (t))
We suspect that some of the techniques of this paper can be used to study the value distribution of the ranks in the latter result (for fixed q); a question that seems of some importance.
The function i q is neither multiplicative nor additive, but we can still prove something in this direction (Proposition 1). The proof makes use of the following lemma.
Proof. 1) The natural projection of multiplicative groups (Z/dZ) * → (Z/δZ) * gives rise to the projection (Z/dZ) * / q → (Z/δZ) * / q , and so r q (δ) divides r q (d) as claimed.
2) It is a well-known, and easy to prove, result in elementary number theory that if ord q (p) = m and ord q (p 2 ) = pm, then ord q (p e ) = p e−1 m for e ≥ 1. . This interpretation of r p (d) together with some basic facts from algebraic number theory gives another proof of Lemma 6 in case q = p. From the above remarks it follows that i p (n), for p ∤ n, counts the total number of prime ideals (p) factorizes in, in all the cyclotomic subfields of Q(ζ n ).
3) This is a corollary to part 2. 4) We have
where in the derivation of the latter inequality we used part 1 of Lemma 6. 2
The results from [17] as described above together with Lemma 5 (with q = 2) yield an explicit formula for S(n).
Proposition 2 Let i 2 be as in Lemma 5. We have
is odd and S(n) is an integer, as a priori it has to be.
The latter proposition together with results from [14] , then yields the following first few values of S(n) and C(n). Using part 4 of Proposition 1 and the latter proposition, an alternate proof of Corollary 1 is obtained. We like to point out that often S(mn
. From this equivalence and (2), we infer that S(n 2 + (n − 1) 2 ) = S(n) 2 for almost all n with S(n) > 0. Part 1 of Proposition 1 can also be turned into a, not so elegant, inequality for S.
It is easy to show that ord 2 
. Primes satisfying the latter congruence are known as Wieferich primes and are discussed more extensively in the next section.
On the value distribution of S(n)
By Proposition 2 and the remark that if ord 2 (2n − 1) is odd, then i 2 (2n − 1) is odd, we infer that S(n) ∈ {0, 1, 2, 4, 8, 16, 32, . . .}. For v an integer, let N v (x) denote the number of n ≤ x for which S(n) = v and let N v be the corresponding set of natural numbers n.
Proposition 3 Let e ≥ 1 be any natural number. Then N 2 e is non-empty.
Proof. Let p be any prime with p ≡ 3(mod 4), ord 2 (p) = (p − 1)/2 and 2
2 ) (the prime 7 will do), then we claim that (p e + 1)/2 ∈ N e . Our assumptions imply that r 2 (p) = r 2 (p 2 ) and thus, by Proposition 6, we infer that Proof. This follows from Im(S) ⊆ {0, 1, 2, 4, 8, . . .}, the proposition, S(1) = 1 and S(2) = 0. 2
The sets N 0 and N 1 are relatively well understood; we have N 0 (x) = [x] − N(x), which together with (2) gives a good estimate and furthermore N 1 = {1}. It remains to deal with N 2 e for e ≥ 1. We propose the following strengthening of Proposition 3.
Conjecture 1 Let e ≥ 1 be any natural number. There are infinitely many integers n for which S(n) = 2 e .
and hence p is a Wieferich prime. The proof of Proposition 3 shows that the truth of Conjecture 1 follows if we could prove that there are infinitely many primes in P ′ 2 . Although it seems very likely there are indeed infinitely many such primes, proving this is quite another matter. A prime being in P 2 is closely related to the Artin primitive root conjecture and a prime p satisfying 2 [5] . Note that 3511 ∈ P 2 \P ′ 2 and that 1093 ∈ ∪ ∞ m=1 (P m \P ′ m ). Heuristics suggest that up to x there are only O(log log x) Wieferich primes. If we replace 2 in Wieferich's congruence by an arbitrary integer a (i.e., consider primes p such that a p−1 ≡ 1(mod p 2 )), then it is known that on average (the O(log log x) heuristic holds true [23] , where the averaging is over a. Assuming the abc-conjecture it is known [31] that there are ≫ log x/ log log x primes p ≤ x that are non-Wieferich primes. For our purposes it would be already enough to know that there are only o(x/ log x) Wieferich primes ≤ x, however, even this is unproved.
The situation regarding P m is slightly more promising. Under GRH we can namely prove the following result. Our proof rests on a variation of Hooley's proof of Artin's primitive root conjecture that belongs to a class of variations of this problem dealt with by H.W. Lenstra [12] . This relieves us from the burden of dealing with its analytic aspects.
Theorem 2 (GRH).
Let m be a natural number. Let ν 2 (m) denote the exponent of 2 in m. If m is odd or ν 2 (m) = 2, then P m is empty. In the remaining cases we have, under GRH,
where
≈ 0.3739558136 . . . denotes the Artin constant and For the remainder of the proof we assume GRH. Then it can be shown, cf. [12, 41] , that the set of primes p such that ord 2 (p) = (p − 1)/m satisfies an asymptotic of the form (4) with constant
Let f be an arbitrary natural number. If in addition to requiring ord 2 (p) = (p − 1)/m, we also require p ≡ 1(mod f ), it is readily seen that the sum in (5) has to be replaced by
.
Let r = ν 2 (m). Note that (p − 1)/m is odd iff p ≡ 1 + 2 r (mod 2 r+1 ). We conclude that (4) holds with constant δ(2 r , m) − δ(2 r+1 , m). It is not difficult to see that 
On using the latter formula for the degree, we infer after some tedious calculation that the constant in (6) equals the constant in (4). 2
Corollary 3 (GRH)
. If e is odd or 4|e, then N 2 e is an infinite set.
Proof. If p ∈ P 2e , then S(
e . Now use that on GRH the set P 2e is infinite in case e is odd or 4|e.
Corollary 3 shows that under GRH Conjecture 1 holds true, provided that e is odd or 4|e. It is possible to go further than this, but this requires a result going beyond Theorem 2:
Theorem 3 (GRH). Suppose that ν 2 (e) = 1. Let a and f be integers such that 4e|f , ν 2 (4e) = ν 2 (f ), (a, f ) = 1 and a ≡ 1 + 2e(mod 4e). There exists an integer v such that for all squarefree n we have a ≡ 1(mod (f, 2en)) iff (n, v) = 1. The density of primes p such that r 2 (p) = 2e and p ≡ a(mod f ) exists, is positive, and is given by
Corollary 4 (GRH).
Suppose that ν 2 (2e) = 2, 2 ∤ f , (e, f ) = 1 and (a, f ) = 1. Then the set P 2e ∩ {p : p ≡ a(mod f )} contains infinitely many primes.
Proof of Theorem 3. The existence of the density, denoted by δ, follows by the work of Lenstra [12] . One obtains that
,
where σ a is the automorphism of Q(ζ f ) : Q uniquely determined by σ a (ζ f ) = ζ a f . Under the conditions of the result one infers that
and hence c 2 (a, f, 2en) = 1 iff a ≡ 1(mod (f, 2en)). Let n be squarefree. Note that there exists an integer v such that a ≡ 1(mod (f, 2en)) iff (n, v) = 1. We in-
, by (7) . We thus find that
where we used that the sum is absolutely convergent and has a summand that is a multiplicative function in n. 2
Remark. An alternative way of proving Theorems 2 and 3 is to use the Galoistheoretic method of Lenstra, Moree and Stevenhagen [13] , cf. [35] . This yields, a priori, that, on GRH, the density is of the form (1 + p E p )A, where the E p are (real) character averages and hence −1 ≤ E p ≤ 1 and E p = 1 for all but finitely many primes p. Moreover, the E p are rational numbers and hence the density is a rational multiple of the Artin constant A.
Now, under GRH, we can prove some further results regarding Conjecture 1.
Proposition 4 (GRH)
. Let e be a natural number. Suppose that 1 + 2e is not a prime number congruent to 5(mod 8), then S(n) = 2 e for infinitely many n.
Proof. If p ∈ P 2e , then S( p+1 2 ) = 2 e . Hence the infinitude of P 2e for e is odd and for 4|e, implies the result in case 1 + 2e ≡ 5(mod 8). Next suppose that 1 + 2e ≡ 5(mod 8) and is not a prime. Then there exist natural numbers e 1 and e 2 with 1 + 2e = (1 + 2e 1 )(1 + 2e 2 ) and 1 + 2e 1 ≡ 5(mod 8) and e 2 ≥ 1. Suppose that n is such that 2n − 1 = 7 e 2 q with q ≡ 1(mod 6e 1 ) and q ≡ 1(mod 14e 1 ) and q ∈ P 2e 1 .
The conditions on q ensure that q = 7 and, moreover, (7ord 2 (7), ord 2 (q)) = 1 and hence r 2 (7 k q) = r 2 (7 k )r 2 (q) for every k. It follows that
r 2 (d) = (1 + 2e 1 )(1 + 2e 2 ) = 1 + 2e, and hence S(n) = 2 e . Since e 1 ≡ 2(mod 4), it follows by Theorem 3 that there are infinitely many primes q satisfying (8) .
Some of the cases left open by the previous results are covered by the following result.
Proposition 5 (GRH).
Suppose that 1 + 2e = z with z a prime satisfying z ≡ 5(mod 104), then S(n) = 2 e for infinitely many n.
Proof. The n for which 2n − 1 = 7 2 p, where (ord 2 (p), 21) = 3 and p ∈ P (z−5)/13 will do. Now invoke Theorem 3.
For the values of S(n) hitherto not covered, the following result can sometimes be applied. Recall that ω(n) = p|n 1. We define ω 1 (n) = p||n 1, i.e. the number of distinct prime factors p of n such that p 2 ∤ n. Note that ω 1 (n) ≤ ω(n).
Theorem 4 (GRH).
Suppose that S(n) = 2 e for some n with ω 1 (2n − 1) ≥ 1, then there are infinitely many n for which S(n) = 2 e .
Our proof rests on the following exchange principle.
Proposition 6 Let p and q be odd primes and m be a natural number such that (m, 2pq) = 1, r 2 (p) = r 2 (q) and (
, ord 2 (m)) = (
, ord 2 (m)), then i 2 (pm) = i 2 (qm). 
and thus i 2 (pm) = d|m r 2 (d) + d|m r 2 (pm) = i 2 (qm).
Proof of Theorem 4. The assumption ω 1 (2n − 1) ≥ 1 implies that 2n − 1 = pm with p ∤ m. By Theorem 2 there exists a number e 1 with ν 2 (2e 1 ) = 2 such that p ∈ P 2e 1 . Let q be any prime number such that q ∈ P 2e 1 and (
then by Proposition 6 we infer that S(
e . By Theorem 3 there are infinitely many primes q satisfying (9) and thus S(
Value distribution of S(n) on n's with 2n − 1 squarefree
Before returning to the value distribution of S(n), we address the easier problem of studying the value distribution of S(n) with n restricted to those n for which 2n − 1 is squarefree. Let V = {e : µ(2n − 1) = 0 and S(n) = 2 e for some integer n ≥ 1}.
(For reasons of space we omit 'for some integer n ≥ 1' in some similar definitions.) First assume that e ∈ V . Let r µ (e) = max{ω(2n − 1) : µ(2n − 1) = 0 and S(n) = 2 e }, and min µ (e) = min{2n − 1 : ω(2n − 1) = r µ (e), µ(2n − 1) = 0 and S(n) = 2 e }.
In the sequel we will also need the related quantities r ω 1 (e) and r ω (e). Let r ω 1 (e) = max{ω 1 (2n−1) : S(n) = 2 e } and r ω (e) = max{ω(2n−1) : S(n) = 2 e }, and min ω 1 (e) and min ω (e) be defined as the smallest value of 2n − 1 for which ω 1 (2n − 1) = r ω 1 (e), respectively ω(2n − 1) = r ω (e) and S(n) = 2 e . In case e ∈ V , we put r µ (e) = r ω 1 (e) = r ω (e) = 0 and leave the associated minimum quantities undefined.
Lemma 7
We have r µ (e) ≤ r ω 1 (e) ≤ r ω (e) ≤ [ log(2e+1) log 3
] for e ≥ 0.
Proof. If e ∈ V , then there is nothing to prove. Next suppose S(n) = 2 e for some integer n. The number 2n − 1 is composed of only primes p ∈ P. Write 2n − 1 = p
If s > [log(2e + 1)/ log 3], then it follows that i 2 (2n − 1) > 2e + 1 and hence S(n) > 2 e . This contradiction shows that s ≤ [log(2e + 1)/ log 3]. The proof is concluded on noting that, obviously, r µ (e) ≤ r ω 1 (e) ≤ r ω (e).
2 We now formulate the main result of this section.
Theorem 5 (GRH).
Given an integer e, it is a finite problem to determine whether or not it is an element of V . The quantity r µ (e) can be effectively computed.
In order to prove it, it turns out to be fruitful to introduce the notion of solution tableaux.
Solution tableaux
Let s ≥ 2. We define a map λ : (a 1 , . . . , a s ) → (l 1 , . . . , l s ) as follows. We put l i = lcm ((a 1 , a i ), . . . , (a i−1 , a i ), (a i+1 , a i ), . . . , (a s , a i ) a 1 ), . . . , ν p (a i−1 ), ν p (a i+1 ) , . . . , ν p (a s )} otherwise. In particular, if there exist i and j with i = j such that
then ν p (l i ) = ν p (a i ). If (10) holds for every prime p (with i and j possibly depending on p), then (a 1 , . . . , a s ) is said to be realizable. Thus in order to determine whether (a 1 , . . . , a s ) is realizable or not, for each prime divisor p of a 1 · · · a s one first finds the largest exponent e p such that p ep |a i for some 1 ≤ i ≤ s. Then one tries to find some j with j = i and 1 ≤ j ≤ s such that p ep |a j . If this is possible for every p|a 1 · · · a s , then (a 1 , . . . , a s ) is realizable and otherwise it is not realizable. The choices of i and j may depend on p. If (a 1 , . . . , a s ) is realizable, then ν p (l i ) = ν p (a i ) for every 1 ≤ i ≤ s and every prime p and hence λ(a 1 , . . . , a s ) = (a 1 , . . . , a s ). The terminology realizable is motivated by the following result. (m 1 , . . . , m s ) is in Im(λ), then clearly its preimage is an infinite set. However, if λ(a 1 , . . . , a s ) = (l 1 , . . . , l s ), then for i = j, (a i , a j ) = (l i , l j ). Thus from a set of merely s numbers all s(s−1)/2 gcd's (a i , a j ) can be computed. This is the motivation of introducing the map λ as it leads to the simple expression (11) 
where k ≥ 2 and
Proof. It is enough to prove the assertion in case a i = p e i with e i ≥ 0. W.l.o.g. assume that e 1 ≤ e 2 ≤ . . . ≤ e s . On noting that l i = p e i for i < s and that l s = p e s−1 , the result follows after a simple computation. 2
Let p 1 , . . . , p s be distinct odd primes. Using the latter proposition we infer that
. . . ) is a solution tableau if ν 2 (e i ) = 2, e i is even and l i is odd for every l i and, moreover, (l 1 , . . . , l s ) is realizable. The value associated to a solution tableau is the quantity in the right hand side of (11) . The following result is a consequence of Theorem 3.
Proposition 9
The tableau associated to a squarefree non-prime integer 2n − 1 satisfying S(n) = 2 e is a solution tableau. Given any solution tableau T , under GRH, there exist infinitely many squarefree integers 2n−1 such that the associated solution tableau equals T . ). Note that it is a solution tableau corresponding to the value 601 of i 2 . Let us try to find an m = p 1 ·p 2 ·p 3 having this tableau associated to it. We need to find primes p 1 , p 2 in P 2 and p 3 in P 8 such that (ord 2 (p 1 ), ord 2 (p 2 )) = 3, (ord 2 (p 1 ), ord 2 (p 3 )) = 1 and (ord 2 (p 2 ), ord 2 (p 3 )) = 5. Any p 1 in P 2 satisfying p 1 ≡ 1(mod 3) will fit the bill. E.g. p 1 = 79. Any p 2 in P 2 satisfying p 2 ≡ 1(mod 15) and p 2 ≡ 1(mod 13) will do, e.g. p 2 = 991. Finally any p 3 ∈ P 8 satisfying p 3 ≡ 2(mod 3), p 3 ≡ 1(mod 5), p 3 ≡ 1(mod 11) and p 3 ≡ 1(mod 13) will do, e.g. Proof. Put ρ = [log r/ log 3]. By the proof of Lemma 7 we have ω(m) ≤ ρ. Thus the number of entries in a row of an associated tableau is bounded by ρ. Now fix any s ≤ ρ. Note that given any integer k there are at most finitely many realizable (λ 1 , . . . , λ s ) such that Example 2. We try to find all primes z ≡ 5(mod 8) with z ≤ 229 for which there are distinct primes p and q both in P such that i 2 (p · q) = z. This leads us to find all z of the above form for which there are e 1 , e 2 and w satisfying 1 + 2e 1 + 2e 2 + 4e 1 e 2 w = z with ν 2 (e 1 ) = 1, ν 2 (e 2 ) = 1 and w ≥ 3 is odd.
There are solutions precisely for z ∈ {101, 157, 197, 269, 317, 349, 421, 509, . . .}.
The associated solution tableau is (
). In each case one can find p and q corresponding to this solution tableau. E.g., when z = 421 an associated solution tableau is ( ). A solution corresponding to this is p = 71 and q = 174991.
Proof of Theorem 5. It is a consequence of Proposition 10 that the set of solution tableaux associated to the set can be effectively computed. If this set is empty, then e ∈ V . It this set contains at least one solution tableau, then by Proposition 9, under GRH, it is possible to find an m ∈ M e corresponding to if (cf. Example 1) and thus e ∈ V by Proposition 2.
We now also have the tools to show that the upper bound in Lemma 7 is sharp for infinitely many e.
Proposition 11 (GRH). Let s ≥ 2. If e = (3 s − 1)/2, then r µ (e) = r ω 1 (e) = r ω (e) = s.
Proof. A solution tableau with s + 1 columns clearly does not exist. On the other hand T = ( Remark. If we restrict e to be such that 1 + 2e is prime, then the upper bound is far from sharp. This is a consequence of part 3 of Proposition 1.
The general problem revisited
Theorem 5 has the following more important variant.
Theorem 6 (GRH).
Assume that the number of primes p ≤ x such that ord 2 (p) is odd and p is a Wieferich prime is o(x/ log x). Given an integer e, it is a finite problem to determine whether or not there exist n with S(n) = 2 e and ω 1 (2n − 1) ≥ 1. The quantities r ω 1 (e) and r ω (e) can be effectively computed.
For clarity, we first consider some examples. It will be convenient to divide the integers n with ord 2 (n) odd in two classes. We say n = s i=1 p e i i is of type II if there exists i and j such that e i ≥ 2 and p i |ord 2 (p j ) and of type I otherwise.
Example 3. We try to find all primes z ≡ 5(mod 8) with z ≤ 229 for which there are distinct primes p and q both in P such that i 2 (p r · q s ) = z, with r, s ≥ 1. -Let us assume first that p r · q s is of type I. Then we have to find all z of the above form for which there are e 1 , e 2 , r, s and w satisfying 1+2e 1 r +2e 2 s+4e 1 e 2 rsw = z with ν 2 (e 1 ) = 1, ν 2 (e 2 ) = 1 and w ≥ 3 odd. On making the substitution f 1 = e 1 r and f 2 = e 2 s, we have to solve 1 + 2f 1 + 2f 2 + 4f 1 f 2 w, with w ≥ 3 is odd. This equation has the same form as the one arising in Example 2, except that now there are no restrictions on f 1 and f 2 . There are solutions precisely for z ∈ {101, 109, 157, 173, 197, 269, 317, 349, 421, 509, . . .}. The two underlined numbers did not arise in Example 2. A preimage for 109 is readily found using Proposition 5. One finds that, e.g., i 2 (7 2 · 73) = 109. For 173 one finds that the preimage has to be of the form p 2 · q with solution tableau ( ). One finds that, e.g., i 2 (71 2 · 191 · 271) = 509. The smallest prime z ≡ 5(mod 8) occurring for a type II integer is 389. One has, e.g., i 2 (7 2 · 71 · 191) = 389.
In Example 3 we managed to reduce the exponents r and s to be ≤ 2 for type I integers. The following proposition is also concerned with 'exponent reduction'. It is a slight generalisation of Proposition 6 (and so is its proof).
Proposition 12 Suppose that s ≥ 1. Let p and q be odd primes and m a natural number such that (m, 2pq) = 1, (p s−1 , ord 2 (m)) = 1, r 2 (q) = s j=1 r 2 (p j ) (that is r 2 (q) = sr 2 (p) in case q is not a Wieferich prime) and, moreover, (ord 2 (p), ord 2 (m)) = (ord 2 (q), ord 2 (m)), then i 2 (p s · m) = i 2 (q · m).
For the prime q above r 2 (q) is even, but it is not necessarily the case that ord 2 (q) is odd. We say that (
· · · es ls
) is a generalized solution tableau if 2|e i , 2 ∤ l i for 1 ≤ i ≤ s and, moreover, (l 1 , . . . , l s ) is realizable. In order to find an integer m of type I such that i 2 (m) = r and ord 2 (m) is odd, we first determine all generalized solution tableaux ( ) associated to r. If there are none, there is no solution. If there is a generalized solution tableau and ν 2 (f i ) = 2 for 1 ≤ i ≤ s, the generalized solution tableau is even a solution tableau and a squarefree integer m can be found such that i 2 (m) = r (under GRH). W.l.o.g. suppose that ν 2 (f i ) = 2 for 1 ≤ i ≤ t and ν 2 (f i ) = 2 for t < i ≤ s. Put e i = f i /2 for 1 ≤ i ≤ t and e i = f i for t < i ≤ s. Then we want to find an integer m of the form m = p 
). Under GRH and the assumption that the number of Wieferich primes with ord 2 (p) odd is o(x/ log x), we are guaranteed that such an integer m exists. It can be found proceeding as in Example 1. (Note the 'exponent reduction'.)
The integers of type II can be dealt with as in Example 3 (and, likewise, there are only finitely many possibilities for the smallest prime in the corresponding number 2n − 1 and each of these cases can be analysed further using the solution tableau method).
This rather informal discussion can be turned into a formal proof of Theorem 6. We leave the details to the interested reader.
The examples together with some additional arguments then yield the correctness of the following table (for the notation see the beginning of Section 6). The asymptotic behaviour of N 16 (x) is dominated by the number of prime pairs (p, q) with p < q such that r 2 (p) = r 2 (q) = 2, (ord 2 (p), ord 2 (q)) = 1 and p · q ≤ 2x − 1. We are inclined to believe that this number is a positive fraction of all pairs (p, q) with p < q and such that p · q ≤ 2x − 1, which, as is well-known [8] , grows asymptotically as 2x log log x/ log x. Thus we are tempted to conjecture that N 16 (x) ∼ c 0 x log log x log x , for some positive constant c 0 .
The following result shows that the values 2 e for which r ω 1 (e) = 0 deserve the predicate sparse.
